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Abstract

This paper presents expressions for describing averaged relative motion between two
satellites in neighboring orbits about an oblate planet. The theory assumes small relative
distances between the satellites, but is uniformly valid for all elliptic orbits as well the
special case of a circular reference orbit, by the use of nonsingular orbital elements. These
expressions are useful when the short-periodic variations in relative position and velocity
are of limited interest, and instead the time-averaged behavior of the states is sought. The
averaged expressions also provide insight into the effects of an oblate planet on bounded
relative motion. For example, a bias term due to oblateness effects, hitherto unreported, has
been identified in the radial position, which can be accounted for in the reference trajectory.
Application of these expressions are shown in the derivation of an analytical filter that
removes short-periodic variations in relative states, without the use of tuned numerical filters,
one for each frequency of interest, which are normally used for disturbance accommodation in
control system design. The use of this analytical filter is demonstrated for formation-keeping

on a prescribed relative trajectory.
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Nomenclature

a = semimajor axis

e = eccentricity

(E, f) = eccentric and true anomalies

g = argument of perigee

h = right ascension

Jo = second zonal harmonic coefficient of the Earth’s gravity field
i = inclination

l = mean anomaly

(ZS, s, hs = secular rates of (I, g, h)

(L,G,H) = conjugate momenta, Delaunay elements

n = satellite mean motion

® = orbital element vector

(q1,q2) = nonsingular variables (e cos g, esin g)

r = radial distance of the satellite

Ry = Earth radius

(v, vg,v,) = satellite velocity components, rotating Cartesian frame

(radial, along-track, out-of-plane)
(x,y,2) = scaled relative position coordinates

(radial, along-track, out-of-plane)

X = relative state vector

dce = differential orbital element vector
At = elapsed time since epoch

(A, 0) = mean and true arguments of latitude
W = gravitational coefficient

10) = latitude of the satellite

(Wr,wyg,wp) = angular velocity components of the rotating Cartesian frame

(radial, along-track, out-of-plane)

(&,9,1) = relative position coordinates (radial, along-track, out-of-plane)
(7) = function obtained using mean elements
(M) = average of a function of osculating elements
() = derivative with respect to time
(") = derivative with respect to mean anomaly
Introduction

Formation flight is an emerging technology where several satellites are placed in prox-

imity to each other, for various purposes, such as terrestrial observation, communication,
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and stellar interferometry. Typically, relative motion between satellites is described with
respect to a ‘chief’ satellite (also called the ‘leader’ or ‘target’), which could be real or vir-
tual. The dynamics of the other satellites (called the ‘deputies’, ‘followers’, or ‘chasers’)
are expressed either in a Cartesian, Local-Vertical-Local Horizontal (LVLH) frame, rotating
with the chief, or by using the satellites’ orbital element differences. The simplest equa-
tions modeling relative motion dynamics were derived by Hill[1], and used by Clohessy and
Wiltshire[2] to study the rendezvous problem; these equations are collectively known as the
Hill-Clohessy-Wiltshire model. This model assumes small relative distances (linearized dif-
ferential gravity), a circular reference orbit, and a central gravitation field. Several works in
the literature study the problem of relative motion when one or more of the underlying as-
sumptions are violated. For example, the linear, eccentric problem was solved independently
by Lawden[3] and Tschauner and Hempel[4], and several elegant solutions to this model
exist[b]. A state transition matrix for relative motion near eccentric orbits that included
perturbing oblateness effects was derived by Gim and Alfriend[6]. Their work used nonsin-
gular elements for uniform validity of the theory for the circular case, and was extended in
[7], using equinoctial elements, for singularities associated with the equatorial case. Work by
Kasdin et al.[8] used Hamilton-Jacobi theory to develop relative motion expressions near cir-
cular orbits that included nonlinearity and perturbation effects. Perturbation equations for
satellite motion, and satellite relative motion, were developed by Gurfil[9], by using gauge-
generalized variation-of-parameter equations for the orbital elements. These equations were
used to identify perturbation-invariant orbits. Nonlinear, perturbed relative motion near ec-
centric orbits has been studied by Alfriend et al.[10], and Sengupta et al.[11]. Reference [11]
also derived state transition matrices and tensors that are accurate for large relative orbits.

Of interest in this paper, is the averaged behavior of a satellite in a relative orbit near
another. In other words, expressions are desired that average the short-periodic variations
induced by oblateness effects, and instead only describe the time-averaged behavior of the
relative states. These expressions are useful in providing a general idea of how the relative
states propagate in time. Furthermore, they are also useful in the design of control laws where
the periodic behavior is of limited interest, and where control laws that do not respond to such
behavior are desirable, thereby leading to increased fuel saving. Examples of such control
laws were derived by Vadali et al.[12]. In their work, tuned filters obtained via numerical
integration were used. In this paper, it is shown how the theory of averaged relative motion
can be successfully used to design such filters analytically.

A mean orbital element description was also used by Schaub and Alfriend[13] to design
Jo-invariant orbits. Although a transformation matrix using mean elements, between dif-

ferential mean elements, and the states, was derived in [6], this does not result in averaged
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relative motion, that is, the states obtained from this transformation are not the same as
those obtained by averaging osculating element-based relative motion with respect to time.
This is because the mean elements are the result of the doubly-averaged Hamiltonian, and
the averaging process removes periodic terms. In reality, the averaging process should be
performed as a final step, which allows for the inclusion of the non-zero-average product
of two zero-average terms (a trivial example is the product of two sine curves of the same
frequency, which has an average value of 1/2 over one period, although the individual sine
curves themselves have a zero average).

This paper uses an orbital element approach, as previously followed by several authors|6,
14, 15]. Consequently, relative motion is examined in the linear sense, but with oblateness
effects due to Jy accounted for. The paper is organized as follows: the effects of J; on a
satellite’s orbit, and on satellite relative motion, are presented. The procedure of deriving the
average value of a function due to oblateness effects is then presented, and it is shown how
this is different from the mean function. The averaged expressions for relative motion are
developed, and although the complete results are presented as an appendix, the particular
case of relative motion near a circular orbit is analyzed. The averaged relative motion
expressions allow for the identification of bias and growth terms. A J-induced bias in
the radial position is identified, that cannot be obtained if a mean element model is used.
These results are then used to design a filter for .J; perturbations, and the use of this filter is
demonstrated on a formation-keeping problem. All developments are supported by numerical

examples.

Oblateness Effects on Orbital Motion and Relative Motion

The orbit of any satellite is completely determined by the six elements a, €, i, h, g, and
[. In the two-body problem, the first five quantities are constants, and the mean anomaly is
a linear function of time, given by [ = [y + n At, where [y is the mean anomaly at epoch, and
n = W. In the presence of perturbations or control acceleration, the orbital elements
are no longer constant, and their rates can be obtained using Gauss’ equations[16]. The
satellite’s orbital radius r is obtained from f, which is dependent on [ through its relation

to F, and Kepler’s equation relating F to [ [16]:

tan — (1)
=F —esinFk (2)

To avoid zero-eccentricity singularities associated with the classical orbital element set, this

paper uses a nonsingular element set, given by ce = {a A i ¢1 ¢ h}', where A\ = g + [.
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Similarly, the true argument of latitude is defined as § = g + f. The use of nonsingular
elements is essential for solutions that are uniformly valid for 0 < e < 1. However, their use
does not avoid singularities introduced by equatorial or near-equatorial orbits (i ~ 0); these
cases can be analyzed using nonsingular equinoctial elements[17] and are beyond the scope
of this paper.

A full development of the theory of oblateness effects on satellite motion is presented
in [18]. For Earth operations, it is sufficient to extend the development to the first zonal
harmonic term (due to the equatorial bulge), which has a coefficient J, = 1.08269 x 1073,
since the terms contributed by higher-order zonal, tesseral, and sectorial harmonics, are
three magnitudes smaller. Consequently, the gravitational potential, V, including oblateness

effects is modeled as follows:

V<7n7 ¢) = _ﬁ

r

1+ (%)2 P, (sin ¢)] (3)

where P, is the second Legendre polynomial.

The effects on the orbital elements, to the first order in J,, have been studied by
Brouwer[19] and Kozai[20], and are classified as secular growth, short-periodic, and long-
periodic perturbations. If the study of the change of orbital elements is limited to that due
to the first-order secular component, it can be shown that orbital elements a, e, and ¢ can be
considered constant, and the elements [, g, and h depart linearly from their initial values [,
go, and hg, respectively. These elements are known as mean elements, and will henceforth
be denoted by an overbar (for example, a denotes the mean semimajor axis). The secular

rates of [, g, and h, are given by:

- e [1 _ 350, (fij‘;)Q (1 — 3cos? E)] (4a)

a’ 4 an
. 3 [ p Ry ’ 27
9s = =7 / ﬁjg <a_172) (1 —5cos”17) (4b)
: 3 Rs\* -
hs = -3 %Jz (a—;) CoS & (4c)

where 7 = v/1 — €2. As a consequence, the mean nonsingular elements A, g;, and @ have

the following mean variations:

A =X+ A\ A= N+ (Is + gs) At (5a)
ql = QIO COS (gs At) — QQO sin (gs At) (5b)
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Go = G1o8in (§s At) + Gao cos (gs At) (5¢)

where G190+ 720 = € exp(390), and j = /—1. If the short-periodic and long-periodic pertur-
bations are also included then the instantaneous elements, also known as osculating elements,
describe the true orbit.

While [19] posed the problem of orbital element variation as a solution to a Hamiltonian
system, with Jy as a perturbation parameter, [20] obtained the secular, short- and long-
periodic behavior by a process of averaging. Furthermore, [19] derived generating functions
for the short- and long-periodic variations, to the second-order in J5, by the use of (canonical)
Delaunay elements, that are given by the sets (L = v/a, G = Ln, H = G cosi), and (I, g, h).
The osculating elements can therefore be obtained from the mean elements by the addition
of periodic variations that are also dependent on mean elements.

The Delaunay elements L and G are identical when the orbit is circular, and the Brouwer
transformation loses validity for e < 0.05, due to the presence of singularities in the result-
ing solutions. This problem has been dealt with using a variety of techniques. Smith[21]
reformulated the problem in terms of inertial coordinates without the singular terms, and
analytically determined the required correction to these coordinates. Kozai[22] extended the
results of [20] by using ¢1, —¢2, and A, instead of the elements e, g and [. Brouwer’s the-
ory has also been modified by the use of other canonical variable sets, such as the Poincaré
variables[23], or Hill’s variables[24]. Hoots[25] used a set of ‘position elements’, that are valid
for the circular and/or equatorial case. However, the exact formulation used is not impor-
tant. As shown in [6, 7], the short- and long-periodic variations in nonsingular or equinoctial
elements can also be obtained by using the generating functions in [19], since the partials of
these variables with respect to the Delaunay elements are known. Consequently, this paper
will only refer to the transformation from mean to osculating elements as Brouwer theory,
irrespective of the element set used.

This paper limits results accurate to the first order in J; only, since an inclusion of
second order terms is meaningless without the inclusion of tesseral and sectorial harmonics
and higher-order zonal harmonics in the potential. However, other works in the literature do
extend analysis to O(JZ) and higher. For example, [26] obtained analytical expressions for
short- and long-periodic variations through O(J3), and for secular variations through O(J3).
In their work, eccentricity expansions were made use of, limiting usage to near-circular orbits.
This was corrected by Aksnes[27], who provided the solutions to several integrals used in
[26], without the assumption of small eccentricity. References [28, 29] used symbolic algebra
to extend the theory to the third and fourth order, respectively, valid for 0 < e < 1.

The effects of Jy on formation flight manifest themselves through differential relative

6 OF 41



acceleration terms, and by a precession of the rotating frame. The short-periodic variations
in a, e, and 7 also have an effect on relative motion. The complete nonlinear description in
the presence of Jy perturbations has been developed by Kechichian[30], although the system
of equations presented therein cannot be solved in closed form. Simplified, linear relative
motion models that include J, effects were developed by Vadali et al.[12] and Schweigart
and Sedwick[31], but their use is limited to circular reference orbits and small relative orbits
only. The state transition matrix (STM) formulated by Gim and Alfriend[6], using the
geometric method in nonsingular orbital elements, also accounts for first-order J, effects.
This STM can completely characterize linear relative motion in eccentric orbits. A similar
result was obtained by Yan et al.[32], but by utilizing the unit sphere formulation for relative

motion[33].

Averaged Functions of the Orbital Elements

In this section, the process of averaging a function of the osculating orbital elements
is discussed. The concept of an averaged function is first presented. This concept is then
applied to relative motion perturbed by J,, since relative position and velocity can be written

as functions of the chief’s orbital elements and differential orbital elements.

Averaged Functions and Mean Functions

To understand the development and use of expressions for averaged relative motion, it
is first necessary to distinguish between the time-average of a function of the Delaunay
elements, and a function of the mean Delaunay elements. If ce is any osculating element set
describing an orbit, then it can be obtained from the corresponding mean elements ce by
using a first-order transformation presented in [19]. Let x(ce) be any function of the orbital

elements. Then the following hold:

£ (ce) (6a)
k(ce) # ri(ce) (6b)

Egs. (6a) and Eq. (6b) imply that although the mean function % is obtained by substituting
mean elements in the function x, this is not the same as the time-averaged function k. Since
Eq. (6a) is simply obtained by substituting mean elements in place of the corresponding
osculating elements, it is easier to calculate, but physically less meaningful than Eq. (6b).
As shown by Brouwer[19], if the potential due J; is treated as a perturbation to the two-body
Hamiltonian in the Delaunay elements, then a series of canonical transformations result in
the mean elements, of which L, G, and H are constants, and [, g, and h are linear functions of

time, whose rates are given by Eqgs. (4). The inverse transformation used to obtain short- and
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long-periodic variations, is derived by the use of generating functions that are also functions
of the mean elements. Consequently, the osculating elements can be obtained as a function
of the mean elements. The mean elements, and the long-periodic elements are also referred
to as doubly- and singly-averaged elements, respectively, by virtue of the fact that they result
from the doubly- and singly-averaged Hamiltonian.

A function x of the osculating elements, can be obtained to O(.J;) as follows:
r(e) = r(08) + Kisp(08) + ip(C2) (7)

where kg, and sy, are the short-periodic and long-periodic variations in &, respectively. For
a limited number of orbits, where the time of operation considered is significantly less than
the period of perigee drift, long-periodic perturbations exhibit themselves as secular growth
of O(J2), and are therefore neglected in this paper. Consequently, the average value of the

function, which accounts for the averaged J, variation in the function, is given by:

1

k(ce) = k(oe) + %/0 ' Kep(08) dl (8)

In Eq. (8), the mean anomaly is selected as the variable of integration since it is proportional
to time. The choice of [ over [ as the variable of integration is irrelevant since Kep = O(J2).

The short-periodic variation, xgp, is obtained as follows:
Kep(08) = —JQRé (R, Wep, + WSPQ) (9)

where (-,-) denotes the Poisson bracket operator, and Wy, and Wy, are the short-periodic

generating functions, as shown in [19]:

-2
Wep, = —4—%3 (1 - 3%) (f—l+esinf) (10a)
W, = — (1- EQ [sin(Qf—{— 2g) + esin(f +29) + ésin(3f+ 2g)|  (10b)
P2 863 a2 g g 3 g

Since the classical orbital elements are themselves functions of the canonical elements, the
averages of their short-periodic variations is not the same as their respective mean values.
The averages of the short-periodic variations in the classical orbital elements are presented
in [20]. As shown in [20], the short-periodic terms for the eccentricity, argument of perigee,
and mean anomaly cannot be determined when e = 0, because g cannot be determined

independent of f or [. Furthermore, since the osculating eccentricity can never be negative,
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the average eccentricity must necessarily be non-zero, even though the mean eccentricity
may be zero. The short-periodic formulae for the eccentricity can be shown to result in
negative eccentricity, when the mean eccentricity is zero. For these reasons, the nonsingular

elements are used.

Averaged Relative Motion

The approach in this section is to first define the relative states in terms of differential
osculating elements, and the kinematic states of the chief, given by the radius, velocity
components in the LVLH frame, and angular rates of the LVLH frame[34]. These are found
to be a more convenient description than the orbital elements themselves. Finally, the
functions are averaged using several integrals of the true and mean anomaly.

The relative state vector is composed of the relative position coordinates, (£,1,(), and
relative velocity coordinates, (f 0, ¢ ). In this paper, a non-dimensional state vector x =

{xyza'y 2’} is used, where
{ryza'y YT ={¢/a v/a ¢/a ¢/(na) 0/(na) ¢/(na)}’ (11)

The relative position is scaled by the mean semimajor axis of the chief, and the relative
velocities are scaled by the velocity-like quantity na, where n is the mean motion using
mean elements, given by W.

Let dce = {0a/a 6\ &i 6q1 dgo h}T. The differential semimajor axis, da, is scaled by
the chief’s semimajor axis, a, to make it dimensionally equivalent to the other components
of the vector. The vector dce denotes the mean differential orbital elements, which can be
propagated using the mean rates. Furthermore, the subscript ‘0’ will be used to denote the
value of the respective quantity at epoch. In two-body motion, dg; = dqi19, 0g2 = dgs0, and
0h = dhg; however, in the presence of perturbations, these quantities show secular drift.

A description of the following form is desired:
X(At) = [Py(ce) + JP ;(0e)] doe(At) (12)

where J = J,R2 /(a*i*), Po(c®) is the transformation matrix corresponding to the non-J
problem, composed of mean elements, and P ;(@€) is a correction that is added to calculate the
averaged relative motion (see Appendix C). It should be noted that the averaged states X are
different from the mean states X, which would be the states obtained by using transformation
matrix for mean elements 3, derived in [6], in Eq. (12). The advantage of the averaged
states as defined in Eq. (12), is that mean elements of the chief, and mean differential orbital

elements can be used everywhere, and short-periodic computations may be avoided.
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From the geometric description of relative motion[6], it can be shown that:

3
¥ =r(060 + dh cosi)

¢ =7(di sinf — dh sini cos )
3

¥ = dvg + v,.(60 + dh cosi) — vy (i cos @ + dh sini sin ) — wp & + w,. €

¢ = 0vp, + v,.(07 sin@ — dh sini cos ) 4+ vg(di cos@ + dh sini sin b)
—w, U+ wgé

(13f)

For the sake of brevity, the functions o and 3 are used throughout the paper, that are defined

as follows:

a+18 21+ (¢ — )g2) exp(y0)

(14)

Similarly, & and 3 refer to the calculation of Eq. (14) using mean elements. It is easily shown

that:
Ox Ox Oa
—_— = — = 0, — =sinb
50 0, o, cos b, o0 sin
o5 o5 . 08
35 =@ 1, 8—q1_sm9, o cos

By using Eq. (14), and from [30], it can be shown that:

an2
(0%

r
w, = hsinisinf + icosf

wy = hsinicosd — isinf

nao?
Wp = ———
3
Ui
naf
vy = ——
n
nao
Vg =Twp = ——
Vp = —TWy

(15a)

(15b)

It is well known that wy, when evaluated using osculating elements, is always zero[34].

However, if mean elements and secular rates are used to evaluate wy from Eq. (16¢), then
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wg = O(Jy). Furthermore, w, = 0 in the absence of perturbations, and w, = O(J;) in the
presence of oblateness effects, since h and i are O(Js) in Eq. (16b) . Consequently, both w,
and wy can be evaluated using mean elements and secular rates, since the inclusion of short-
and long-periodic effects of .J, will only result in contributions of O(JZ). The other quantities
may be expressed as the sum of a function using direct substitution of mean elements, and

short-periodic variations using the generating functions. For example,

r=7+Jrgp (17a)
_ 9
where, 7= ﬂ (17b)
a
and, Tsp = — 77 (fa Wspl + Wsp2> (170)

After some algebra, the following expressions are obtained for the variables of interest:

=5 = = =2
rop = ai’(1—3cosi) (ﬁ + %) + %sin% cos 20 (18a)
1 72 + a4+ 27(1 + 7
wy, = —ﬁ(1—3COSZ2)5z2[a +7z(;+ 77_( 1)l
2 7 (1+17)
1
+4—3nsm ia*(cos 20 + 24, cos 0 — 2, sin 0) (18b)
n
an - 5 an
U, = ————(1—=3cos’i)B(@"+7+7") — ——sin’ia’*sin20 (18¢)
4 (1 +1) 21
an
Vo, = —pg oy (L 3cos”dala(n+a) +20(1+n)]
4 (1 +17)
—|—Z—7:L sin®i [a(1 + @) cos 26 + 2a(q, cos§ — g sin )] (18d)
Ui

1 — — _ _ _ _
bsp = 1 sini cosi (3 cos 260 + 3G; cos @ — 3ga sin 6 + Gy cos 30 + @ sin 39) (18e)

3 L
hy = —QCOSZ(Q—A—Fﬁ)

1 _ _ _ _ _ _

+é_l cosi (3 sin 20 + 37, sin € + 3G, cos 0 + @, sin 30 — ¢, cos 39) (18f)
Op = §—§(1—5COS 1)(0 — )\)—1(1—3COS 7) J (@ + 47+ 5)
T2 4 4 (1+17) 1

1 - — -1 - —
~1 cos? 7 (q; sin 30 — G, cos 30) + g(l — Tcos?1)sin 20
1 - _ _
+A—L(2 — 5cos?4)(q sin 6 + g, cos ) (18g)

Two points are noted here. First, v, # 7. Second, expressions for short-periodic variations
in r have appeared in other works. For example, Kozai[20] obtained a similar expression as

shown above; however, numerical computations show that the expression in that reference is
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incorrect since it fails to remove a bias. The use of Hill’s variables by Aksnes[24] also results
in expressions for short-periodic behavior of r and . Even though the derivation presented
by [24] does not have eccentricity terms in the denominator, and is therefore, nonsingular,
the relevant expressions are nevertheless written in terms of the classical orbital elements,
some of which are indeterminable for circular orbits. The expressions in this paper are
written in nonsingular form and use Eq. (14) for a concise representation. A low-eccentricity
approximation for the average radius has also been derived by Born et al.[35].

The development of expressions for short-periodic variations in r, v,, and vy is essential
to obtain simplified, averaged relative position and velocity. The only other alternative is to
individually find the average values of the short-periodic variations in all the orbital elements,
in their various functional forms, as shown in [6], compose the expressions for the relative
states, and maintain terms through O(.J,).

Some amount of algebra, performed easily via symbolic computation, is required to obtain
the averaged relative position and velocity. The steps involve finding the average values of
short-periodic variations in functions of the orbital elements, as shown in Egs. (18), and

require the solutions to integrals of the following form:

1 exp(gkf)
=g [ (=Dotna (190)

where k,m € Zsg, exp(ykf) = coskf + ysinkf is the more general placeholder for the
cosine and sine functions, and o(f) is a periodic function, even or odd, which is of the form
1/(14ecos f)™, cos f/(1+ecos f)™, orsin f/(14ecos f)™. Integrals of the form as shown in
Eq. (19a) occur when the average value of a term comprising the mean radius is required, or
when (14 ecos f) appears in the denominator of a term. Kozai[20] and Hoots[36] presented
solutions to I, for specific values of m and k. For the derivations in this paper, it is
sufficient to obtain expressions for I,,, for m = 0,1, 2, although values of k£ of upto 9 are

required, which are not provided by [20, 36]. It can be shown that:

1 [ sinkfdl

o Jy (1+ecos f)m =0 (20a)
1 [*™ coskfdl 1
27 Jo (1+ecosf)2:6_7]4
1 [*™ coskfdl 1
27 J, (1+ecosf) - 22

(—e)" [K*n® + 6k™n* + kn(15 — 41%) + (15 — 9*)](20b)

(—e)k [k27]2 + 3kn+ (3 — 772)] (20¢)
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— [ coskfdl = (=) [kn+1] (20d)
where,
N e 0 (21)

The general solution for I, is presented in Appendix A.

Integrals of the form as shown in Eq. (19b) occur when the average of a quantity com-
prising 6, 66, or §h is required. Déprit and Rom[26] noted that closed-form solutions to the
indefinite integral corresponding to Eq. (19b) could not be found, and there was a possibility
that such a solution did not exist. Aksnes[27] has shown that this integral does not require
evaluation if the motion of one satellite is analyzed, since a complete expansion results in the
cancellation of terms composed of this integral. However, in this paper, the expressions of
interest are those arising from satellite relative motion, and it was found that no such can-
cellation occurred. It can be shown that a series solution to the indefinite form of Eq. (19b)
exists, and in particular, that Iy = 0, if o(f) is an even function. The details are presented
in Appendix II.

As an example consider the averaged radial displacement due to short-periodic pertur-

bations, since r = 7 + Jrgp, it follows that:

E=0T+0(Jrep) (22)
and consequently,
R 1 27
=01+ o i I(J rep) dl (23)

From Eq. (16a), 07 is easily obtained to the first order in differential orbital elements, as the

following;:

2 2 0 2 o3 0 2
or =L 5a— <2q1+77 - >25q1_ (292+n . >E5Q2+anﬁ59 (24)
o Q@ o o o

o

In the above expression, 06, is rewritten in terms 0\, d¢;, and dgy. This is because d\ is a
linear function of time, in the absence of perturbations, or with the use of mean elements,

whereas 06 is not. The relation between 06 and 4l is developed using the following equation
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from [19]:

(5f—%(1—1—6608]‘)2(5[—1—%sinf(Q—l—ecosf)(Se (25)
or, 00—0dg= %(1 +ecos f)? (6 — 6g) + igsinf(Q + ecos f) de (26)
n n

Substituting €*dg ~ —q20q1 + 1 0q2, and ede =~ q1dq; + 2 0q2 in Eq. (26), the relation
00 = v1 0\ 4+ 72 0g1 + 73 ¢ is obtained, where:

2

Q@
7 =7(01,02,0) = P (27a)
2 . .
Gox sinfa g +sinf
= 0) = 27b
2 VQ(QIaq% ) (1 I 77)773 + 772 772 ( )
a? cosf o + cos 6
Y3 = 73(q1, ¢2,0) = —< a _ o (27¢)

L+mn o n?
The mean orbital element differences can be obtained in terms of their initial values, in
a manner similar to that described in [6]. In particular, da and 7 are equal to their initial

values, and the remaining four differential elements can be propagated using their differential

mean rates, which can be obtained from Egs. (5), to yield the following expressions:

0N = 0o + 0, At (28a)
dq1 = cos (gs At) dqio — sin (gs At) 0Gag — G20gs At (28b)
dGa = sin (gs At) 6Gio + cos (gs At) 0G0 + q10gs At (28c¢)
0h = 6hq + 6hy At (28d)

The differential rates in Eqgs. (28) can themselves be rewritten in terms of da, §i, 6o and

0G20:

A 3 21 ~lda 3 _
s _ 2 <1 1 o _ 2= oa 9 ) sin 27 87
- [ 5 1 8J{( + 1) — (54 3n) cos z}] - 4J(5—|—3n)sm i 01
3 el
_4_772J [(3 +41) — (20 + 97) cos” Z] (G10 0G10 + G20 0G20) (29a)
03 21 ~oa 15 . - - 3 - el e
g = J [g(l — 5cos? z)g — - sin 2001 — %(1 — 5c0s%1) (G0 6G10 + Gao 5q20)](29b)
Sh 21 “ba 3 - 6 .
— = J {Z co8? — + 5 sins 01 — ? cos i (q10 9q10 + Goo 5q20)] (29¢)

Equations (28) and (29) can be used to formulate the transition matrix for the differential
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elements, ®,(ce, At), such that doe(At) = @, (e, At) daey. As a consequence, Eq. (12) can

be rewritten as:
X(At) = [Py(o@) + JP(o)] ®.(ce, At) doey (30)
The components of Py and P; are presented in Appendix C.

Averaged Relative Motion near Circular Orbits

Due to oblateness effects, the osculating eccentricity of a satellite’s orbit is at least O(.J3).
The average eccentricity, e, when € = 0, cannot be obtained from its short-periodic varia-
tion, derived in [20], since using that expression results in € = 0. However, the averaged
eccentricity for € = 0 can be obtained from the short-periodic variations of ¢; and ¢, that
are derived in [6], by selecting §; = g2 = 0 in the formulae, and then obtaining the average,

as shown below:

Iy 1 [ \/27 -
e = — + 43 dA 31
e=0 27 J, Nop T L2y @1=32=0 (81)
where
7 . 9= N 3 2= N
¢, =J |=sin“i cos 3\ — —=(1 — 5cos” 1) cos A (32a)
Pla=g=0 8 8
7 .95 . 3 3 25\ .Y
o, =J |<sin“i sin3\ — (3 — 7cos”4)sin A (32b)
lq1=g2=0 8 8

Although a closed-form solution to Eq. (31) is not known, the integrand is always greater
than or equal to zero, and not identically zero, and consequently, € # 0.

Similarly, the averaged radius, 7, is not equal to the mean semimajor axis, a, which would
be obtained by simply substituting ¢; = g2 = 0 and 77 = 1 in Eq. (16a). The correct value is
obtained by assuming ¢; = ¢ = 0 in Eq. (18a), upon which the following is obtained:

3 - 1 - -
r ~ (T +rep) =a [1+—J(1—3cos2i)—|——Jsin2i cos 2\ (33)
q1=q2=0 q1=q2=0 4 4
3 —
7 =a {1 + = J(1 — 3 cos? @)} (34)
©=32=0 4

Equation (34) agrees with the simplified expression obtained by Vallado[37], for an orbit
with e = 0.
Upon substituting ¢ = @ = 0, 7 = 1, and = X in the matrices Py, P, and &)é, it can
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be shown that the averaged relative position variables are:

3 ] da . -
T = |1-— ZJ (1 — 3 cos? z)] Ea — cos(A — gs At) §G1o — sin(A — gs At) 0Gao
+ZJsin % 6 (35a)
[ - a ] .21 . .
7 = —g + ?J (1 —3cos? i)} (nAt) ‘;a + ll + 2J(1 — 3 cos® i)} S — -/ sin2i (RAt) §i
a

+2sin(\ — G, At) 6G1p — 2 cos(\ — G At) 0Ga0 + {1 + gJ (1 —3cos? Z)} cosidhy  (35b)

)
I

21 - - oa - 3 - - - - -
—gJ sin 27 cos A (nAt) Ea + {Sin)\ — §J sin?7 cos A (nAt)] di — cos A sini dhg
3 - S
—ZJsm 2i 0G0 — ZJSIII 2i 0G0 (35¢)

In an unperturbed gravitation field, under the assumption of small orbital element differ-
ences, out-of-plane displacement depends only upon the differential inclination and right
ascension, and is consequently decoupled from in-plane motion. It is easily seen that the Jo
perturbation introduces coupling. Furthermore, the out-of-plane frequency is Ay = gs + l;,
is seen to be different from the in-plane frequency, which is given by A\; — g, = . It is also
observed from Eq. (35¢) that the J; perturbation causes secular growth in the out-of-plane
direction. What is perhaps more interesting, is the appearance of bias terms in the radial
position. This bias exists even when the two-body condition for zero radial bias, da = 0, is
satisfied. For relative motion near an elliptic orbit, additional bias terms of O(Js), that are
dependent on 97, d¢;, and dqs, also exist, as can be seen from the first row of the matrix P

in Appendix C. These effects are studied in detail in the next section.

Effects of J; on Bounded Relative Motion

From Eq. (35b), it is observed that even if 6a = 0, which ensures bounded relative motion
in the two body problem, several terms of O(J3) contribute to secular growth. An along-
track correction assuming small differential orbital elements, correct to the first order in Js,
and for low eccentricities, was derived by Vadali et al.[38]. Their work used a mean ele-
ment formulation, and canceled secular growth terms by using the so-called “rate-matching”

condition, given by:
85 + 6y + Ohy cosi =0 (36)

Upon examining the more general expression for averaged along-track motion that is valid

for non-circular orbits, it can be shown that the terms contributing to secular growth are
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given by
[P0225§\8 —(@Po,, — @1Po,) 83 + Po,0hy| At (37)

The corresponding terms from the matrix JP; are ignored because their contribution is
only to O(J%), and because da = O(Jy) for bounded relative motion. Equation (37) is
completely expressed in terms of mean elements and mean differential elements, if Eqgs. (29)
are used. However, since Py is generally time-varying, Eq. (37) cannot be identically zero.
Therefore, the rate-matching constraint of [38] is used to bound along-track motion (out-of-
plane motion is still unbounded due to Jy). Substituting Eqs. (29) in Eq. (36) results in the

following expression for da[32]:

a| &

1 S -
= —EJ(4 + 377) sin 27 07 + %(1 -3 COS2 Z)((jlo 5(710 + (720 5@20) (38)

From the first row of P; in Appendix C, it is observed that non-zero values of di, dGio
and gy result in a bias of O(J;) in the radial direction. The use of mean elements in the
transformation matrix in [6] does not yield this result. Furthermore, if Eq. (38) is made use
of, then additional bias terms of O(Jy) are introduced in the radial direction through da.
The resultant bias is given by:

R e 2 da - _ _
Thias ~ (_ / P011 dl) E +J (PJ13 01 + PJ14 5Q10 + PJ15 5QZ0) (39)
0

2T
Using results from Appendix A, the integral coefficient of da/a in Eq. (39) can be shown to
have a value of 72. For circular reference orbits, Zp,s = —(5/4).J sin 2i di. A similar (although
small) bias exists in the along-track velocity, due to non-zero semimajor axis difference. This
bias, may be calculated in a manner similar to Zp;.s, but by using F.,, and P, ... It can

also be shown that (1/27) 0% Py, dl = —37/2.

Design of a Filter for Short-Periodic Perturbations

In this section, the use of averaged relative motion equations is made for the design of
filters that remove short-periodic variations in relative states, due to first-order .J, pertur-
bations. The osculating differential orbital elements corresponding to the relative states,

assuming small magnitudes of relative position and velocity, can be obtained as follows:

{6a 60 0i 5q1 dgo 09} = X7 (0e) I'(8) x (40)
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where ¥(ce) is the transformation matrix for osculating elements provided by [6], and I'(ce)
is the 6 x 6 permutation and scaling matrix that transforms from unscaled to scaled states,

whose non-zero entries are given by:
=Ty =Is=a Tu=I4s="¢=na (41)

The inverse of this matrix, I'"! can easily be obtained by inspection.

The differential mean elements can be obtained from the differential osculating elements,
using the inverse of the matrix D(ce) derived in [6], or by the vector D(a8) X! (ce) I'(ce) x
Furthermore, the differential mean semimajor axis da is scaled by the mean semimajor axis
a, and 60 is written in terms of the elements §), 6¢;, and 6G to yield the vector dee.

Consequently, dce = P, (@) D(oe) X !(ce) I'(ce) x where the non-zero entries of P.(a8) are

given by
Pen = 1/&7 P622 - 1/’71v P€24 - _'72/:717 P625 - _;)/3/5/17 P633 = Leyy = Less — PEGG - 1(42)

The inverse of P.(@8) is also easily obtained by inspection.

The above derivation results in the following:

X = [Py(®) + JP,(c®)] P.(@®) D' () &' (ce) I'(®)x

(-

5k

(43)

where F is the filter matrix for short-periodic variations. This paper assumes that the
current osculating orbital elements of the chief, and relative position and velocity between the
satellites, are known accurately. The mean nonsingular elements of the chief can be obtained
from the osculating nonsingular elements, from the first-order correction derived in [6], by
simply using —.J, instead of J in the conversion from mean to osculating elements. Similarly,
since D = [15 + O(Js)], the inverse of D(oe) can also be obtained by using —.J> instead of
Jy in the computation of D(@8). Consequently, the matrix F is completely determined in
terms of the chief’s mean orbital elements. Furthermore, no matrix inversion operations are
necessary since the elements of the matrix X! are given in [6].

It may be noted here that a development similar to what is shown above, can be used
to derive a “mean filter”. In this case, the mean relative states X are obtained by using the

transformation matrix for mean elements, 3, to yield the mean filter matrix F:

x=Fx (44a)
F=TI"(c) (@)D () T ' (ce) () (44D)

where, F =
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Formation-Keeping with Disturbance Accommodation

In this section, the application of the analytical filter, to formation-keeping using contin-
uous control, is analyzed. The purpose is to design a control law that does not respond to
short-periodic perturbations due to Jo. A linear quadratic regulator (LQR), based on the
linearized rendezvous equations for the two-body problem is used. This system is given by

the following equations:

£ 200 — (92 + 277_3) £ 00 = u (45a)
&+2é5—(92—%)0+ég = wy (45b)
¢+ %c _— (45¢)

where the coefficients of the states are functions of the orbital elements of the chief satellite.
The position variables are scaled by a, and the velocity variables by na, which are identical
to a and na, respectively, in a central gravity field. Furthermore, Egs. (16a) and (16d) are

used to rewrite the linear system for rendezvous in the following form:

x' = Ax + Bu (46)
where,
0= 1/(7%a) {ue ug uc}', B=[Dg1s]" (47a)
v+2) =28 0 0 10
Dy 1] ~ av|@FTP 7 242
A=| = , A=— 20 (@a—=1) 0 |, 2=—1|-100 47b)
A Q U]
0 0o -1 0 0 0

The matrices A and B are periodic, but implicit in time. Furthermore, mean elements are
used throughout to evaluate the matrices.

As shown in [39], periodic solutions to this system are given by:

z, = p1sin(f + ¢y) (48a)
Yo = P1 COS(Q_ + ¢o) (a Z D + % (48b)
NP CESTS s

where p123, ¢o, and 1y are constant design parameters. The relative velocities can easily be
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derived and are as follows:

T, = % cos(f + ¢p) &° (49a)
Y, = —% [sin(6 + ¢o) @@ + 1) — cos(f + ¢o) 3] + %ﬁ (49Db)
Z, = % [cos(6 + o) @ + sin(f + ) (] (49¢)

These solutions are valid for all values of eccentricity, although implicit in time, and for small
relative distances, in the absence of perturbations.

A control based on LQR design is desired, for the following system and cost function:

Ax'=AAx+Bu+d (50a)
1 o0
J=3 / (Ax'QAx + a'Ra) dr (50b)
0

where 7 = nt, AX = X — X, is the error between the current states x and the reference
states X.f, and d is the vector of unmodeled disturbances. The matrices Q and R are
weight matrices that indicate the relative importance of the fuel cost and deviation from the
reference trajectory.

The reference trajectory is not necessarily a natural solution of the system, and in this
section, the choice X, = X, is made, where the individual reference states are given by
Egs. (48) and Egs. (49). The unmodeled disturbance vector is composed of nonlinearities in
the differential gravity, and Jo perturbations. It is worth noting that reference trajectories
that account for higher-order nonlinearity effects[40-42] may also be used; however, since the
focus of this section is on the application of the filter for short-periodic perturbations, their
use was not explored as they further complicate analysis. Furthermore, for small relative
orbits, Jo-induced effects dominate over nonlinearity effects[10].

Control effort is always required to counter the effects of d. Ideally, the controls should not
respond to short-periodic variations in the relative states, and for this reason, several bias and
frequency filters, by the introduction of additional states, were used in the formation-keeping
problem for perturbed, circular orbits, in [12]. Instead of adding additional states that require
numerical integration, the analytical filter given by Eq. (43) can be used effectively. The
details of the derivation of the feedback law are available in [43], and are not presented here.
It is sufficient to note here that the control effort is given by 1 = —K Ax, where K is the gain
matrix obtained by solving the Riccati equation[43] by numerical integration, over one orbit
of the chief. Since the linearized system of equations is 2w-periodic, these gains can be used

over successive orbits. Instead of feeding back the actual osculating states x, the average
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states X, obtained from Eq. (43), are used. Consequently, @ = —K (x—x,,) = —K (Fx—x,,).

Numerical Examples

In this section, numerical examples are used to demonstrate the use of averaged relative
motion equations. The first example compares the results of the mean, osculating, and
averaged formulations of relative motion. The second demonstrates the use of the short-
periodic filter, given by Eq. (43), for formation-keeping near an elliptic orbit. Furthermore,
the effects of tracking a modified reference trajectory that accounts for bias in the radial

direction, is studied.

Mean, Osculating, and Averaged Relative Motion

An example from [6] is considered, to test the results of this paper. Consider a reference

orbit with the following initial mean orbital elements:

a=17,091.870km, 0, = 3.141596rad, i = 1.221521rad

- 51
q10 = 0.00523, G20 = 0.001709,  hp = 0.7853999 rad (51

Relative motion is established by selecting the following initial mean differential orbital

elements

da = 0.415m o = —6.195769 x 10~ "rad &1 = —7.079055 x 10~° rad

_ 52
(5(}10 =1.601 x 1077 (5(]20 =3.561 x 107° 0ho = Orad ( )

The mean elements of the deputy and chief are converted to osculating elements using
Brouwer theory, and then converted to ECI position and velocity. These are used as initial
conditions to numerically integrate the equations of motion in the ECI frame, for each satel-
lite. The true relative position and velocity are then obtained by transforming the inertial
position and velocity differences into the LVLH frame of the chief.

For comparison, three errors are defined:

1. Osculating error, or the error between the states as predicted by the Gim-Alfriend
transformation matrix for osculating elements, 3, and the relative states obtained

from numerical integration of the ECI equations.

2. Mean error, or the error between the states obtained by using a linearized transforma-
tion between differential elements and states, that uses mean elements. For example,

the mean transformation matrix X, derived in [6].

3. Average error, that is obtained by adding the correction matrix JP; to the relative

states obtained using F.
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The three errors are shown for the radial, along-track and out-of-plane directions, in
Figs. 1, 2, and 3, respectively. In these figures, the solid curve indicates the osculating error
over 10 orbits, and these are identical to the results shown in [6]. The dotted curve indicates
the mean error, and the dashed curve indicates the error after correction. It is observed that
the radial correction to the position, depicted by Fig. 1(a), is the most beneficial among
the three position errors, and this is a consequence of the short-periodic correction to the
satellite radius, presented in this paper. Although the along-track error, Fig. 2(a) shows
secular growth and out-of-plane error, Fig. 3(a), shows a non-zero bias, the mean values
of the respective errors upon using the correction are the same as that using osculating
elements. The growth and bias are consequences of linearization; if higher-order terms in
the map from differential orbital elements, to relative states is used, as shown in [32], these
effects can be removed, although the use of nonlinear terms was not explored. These figures
also show the usefulness of the matrices Py and P, for the purpose of tracking an averaged
orbit. If a tracking controller design is desired such that short-periodic perturbations due to
Jy (or any perturbation that can be obtained via a generating function) are ignored, then in
effect, what is desired is a tracking profile indicated by the dashed curves in Figs. 1, 2, and
3. The mean error as shown by this indicator, is essentially the difference between the actual
state that contains short- and long-periodic variations, and the average state as obtained by
the matrices Py and P .

The velocity errors are shown in Fig. 1(b), Fig. 2(b), and Fig. 3(b). There is no improve-
ment in the radial velocity, as shown by Fig. 1(b); in fact the bias correction is found to be
zero. It can also be shown that the average short-periodic variation in radial velocity is zero.
The bias due to the use of mean elements, as well as the improvement in the out-of-plane
velocity, Fig. 3(b), are observed to be negligible for low eccentricities, although the effect
of the correction is more pronounced for higher eccentricities. As shown in Fig. 2(b), the

along-track velocity correction is the most significant among the three.

Formation-Keeping Using the Short-Periodic Variation Filter

A reference orbit with the following mean initial orbital elements is considered:

a="7,191.870km, 6, =3.141596rad, = 1.221521rad
G1o = 0.0523, Goo = 0.01709,  ho = 0.7853999 rad

(53)

This reference orbit has a mean eccentricity of 0.055, which is 10 times the eccentricity of
the reference orbit chosen in the previous example. Consequently, a slightly higher value is
chosen for the mean semimajor axis, to ensure the perigee of the orbit does not approach

too close to the planetary surface. Based on the relative orbit parameterization given by
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Eq. (48), the following are chosen as parameters for the mean relative orbit for tracking:
p1=250m, py=-—7.5m, p3=>500m, ¢y=19=0 (54)

These parameters correspond to a relative orbit that projects to an approximate circle in the
0-h plane, of radius 500 m. The phase parameters ¢y and 1)y indicate that the relative orbit
was established using an inclination difference between the deputy and chief orbit’s, and
without a right ascension difference[39]. It is well-known that such relative orbits require
more fuel for formation-keeping than those established using a right ascension difference
only.

In this example, the weight matrices on the states and control are selected as Q = T,
and R = 13, respectively. The control effort used for formation-keeping, for ten orbits of the
chief, using the unfiltered (osculating) states as feedback, is shown in Fig. 4, and is depicted
by the solid curve. It is observed that the radial control oscillates about a non-zero bias.
The tracking of a periodic orbit with parameters specified by Eq. (54) implicitly assumes
that along-track rates are matched, although the non-zero inclination difference will result
in out-of-plane growth. As a consequence, the differential semimajor axis is non-zero, and
this contributes the term Ty, to the radial position, as shown in Eq. (39). Therefore, also
of interest is the result of tracking a new reference orbit, whose radial position includes
the bias, i.e., £, 4+ Tpias is the new reference radial position. As a result of using this new
reference solution, the desired relative orbit is slightly offset in the radial direction. The
result of tracking this new orbit is depicted by the dotted curve in Fig. 4. It is observed that
the bias in the radial control is removed; however, the control effort in the along-track and
out-of-plane are not noticeably changed, as is observed from the solid and dotted curves. The
dashed curve depicts the control effort if the averaging filter F is applied to the measured
states x prior to feeding them back into the control law. An improvement is immediately
observed in the radial and along-track controls, since the control effort in these axes are free
from short-periodic oscillations and are approximately equal to the mean value of control
using unfiltered states. Although a significant improvement is not observed in the out-of-
plane control, the short-periodic variations are still absent in the control with filtered states.
The high amplitude of the control is required to track bounded motion in the out-of-plane
direction.

Figure 5, shows the resulting position error LQR-based formation-keeping. The position
error using unfiltered states is on an average, 1 m (solid curve), which is approximately 0.2%
of the orbit size. This error can be decreased or increased by changing the value of the

weight matrix Q. The use of a bias-corrected reference trajectory (dotted curve) reduces the
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error to an average of 0.5m. The use of the short-periodic filter (dashed curve) increases
the amplitude of the error; however, the average of this error is the same as that achieved
by tracking the bias-corrected trajectory (dashed curve).

The cost required for formation-keeping is shown in Fig. 6. The cost is calculated as the
result of the integral % fOTf (a2 + 4j + 43) dr where 74 = 10- 27, which is the normalized time
for ten orbits of the chief. By using the new reference solution, the cost for formation-keeping
is reduced by 50%, as can be observed by comparing the solid and dotted curves. The use of
filtered feedback (dashed curve) further reduces the cost to approximately 20% of the cost
of unfiltered feedback without bias correction or to 30% of the cost of unfiltered feedback
with bias correction.

The dashed-dotted curves in Figs. 4, 5, and 6 are the result of using the mean filter
f‘, given by Eq. (44), instead of the averaging filter. Although the radial control using the
mean filter shows low response to the short-periodic variations in the states, the average
value of this control differs from those corresponding to the unfiltered control or control
using F (dotted and dashed curves, respectively). This results in the relative trajectory
approaching a relative orbit that is different from the desired. As shown in Fig. 5, the
corresponding position error is 2m, which is larger than the error using unfiltered state
feedback. Furthermore, the cost associated with the filter F is higher than that obtained
using the averaging filter, as shown in Fig. 6. In some cases, it was observed that the cost
using F could possibly be lower than using the averaged filter. This was a consequence of the
average value of the control using F being lower than that obtained using F. It is important
to note, however, that this control is essentially incorrect, and results in larger state errors
with a larger bias than those obtained using unfiltered states.

In this section it is shown that the use of the averaging filter can significantly reduce costs
by removing short-periodic variations in the relative states. The number of computations
required is not significantly larger than that used for mean elements, since the matrix P
depends only on the mean semimajor axis, eccentricity, and inclination of the chief satellite,
and has to be evaluated only once. Furthermore, it is also shown that using reference

solutions that account for J, effects will further reduce fuel required for stationkeeping.

Conclusions

The work in this paper has successfully developed averaged expressions for relative mo-
tion. The number of computations required to calculate the average states are far lower than
those required to calculate the osculating states. For small relative orbits, the errors between
osculating and averaged states, are of the order of centimeters, although the errors between

osculating and mean states are more significant. Furthermore, as the orbit size increases,
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the bias in error introduced by the use of mean elements also increases, and the use of the
correction matrix P; becomes more important. However, the bias due to linearization also
increases, so it may be necessary to introduce second-order terms. The advantage, as shown
in [11], is that the higher-order terms can be introduced using mean elements only, thereby
resulting in a complete, mean-element description of relative motion. The use of higher-order
tensors was not explored in this paper.

The use of averaged relative states also provides additional insight into the effects of J,
on relative orbits. In particular, some combinations of initial conditions are shown to result
in a bias in the radial direction. Consequently, tracking a reference solution that does not
account for this bias is shown to result in higher fuel cost. The matrices Py and P; can also
be used as an analytical filter to remove Js-induced short-periodic perturbations from the
osculating (actual) states, if the elements of the chief are known. The use of this analytical
filter has been demonstrated in the design of feedback laws for formation-keeping, and helps

avoid the use of numerical filtering techniques for disturbance accommodation.

Appendix A: Solution to I,

The key step in solving integrals of type shown in Eq. (19a), is the complex change
of variable, exp(3f) = x. Also used are the expressions dl = n>df/(1 + ecos f)?, and
(1+ecosf)=e(x+e)(x+1/e)/(2x). After some algebra, it can be shown that:

3 m+2 k4+m+1
(2 X
I=—21(= d Al
FT o <) f{(x+€)m+2(x+1/6)m“ X (A1)

For m + 2 > 0, the terms in the denominator of the integrand in Eq. (A1) can be split into

partial fractions as shown below:

x[ 1 N (_1)m—j+3 }} )

(e = T o+ 1/

By using the fact that |¢| < 1 and |1/¢| > 1, and from Cauchy’s integral formula, the

following can be established:

k+m+1 k+m+1 ) .
f ) 7{ XAy g, MDD iy
(x +1/g)m=i+3 (x +e)m—it3 (m—j+2)1(k+j—1)
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Upon substituting Eq. (A2) and Eq. (A3) in Eq. (A1), the integral I,,; can be solved, to
yield the following result:

() (krmDIR (m+j+1)! ce
Ik = T Gk 2 m -+ D) (%) A

Appendix B: Solution to I

In this appendix, a series solution to Eq. (19b) is found. In [16], an expression for f — I,
which is known as the equation of the center, is provided in terms of Bessel functions, and
harmonics of the mean anomaly. However, to calculate definite integrals with specified limits
of integration, it is easier to use a series in the eccentric anomaly, which has coefficients that

are not themselves series in a small parameter. From Eq. (1), it can be shown that:

daf U

dE 1 —ecosE (B1)

Using a Fourier series as shown by Battin[16] and Sengupta and Vadali[39], the following

expressions can be developed:

1 1
(tecosf) 7
1
n"

— Z Pcospf (B2a)

1
(1 —ecos k)

— Z ef cospE (B2b)

where € was defined in Eq. (21), and p € Z~¢. It follows that Eq. (B1) may be rewritten as:

df = |14+2) e’cospE| dE (B3)
p=1
and consequently,
f=E+2 i < sinpE (B4)
=L+ —sinp
— p
P
Finally, from Kepler’s equation,
|=F—esinE=dl=(1—ecosk)dE (B5)
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Upon substituting Eq. (B4) and Eq. (B5) in Eq. (19b), it can be shown that when o(f) =
1/(1+ ecos f)™, the following is true:

1 21 2

) e . 2. &P ) L — . —
Iy = —— esmE——sm2E+Z—(251an—esmp—|—1E—esmp—1E) X
=" Jo 2 =P
(1 —ecos E)"dE (B6)

Equation (B6) can be integrated easily if m is known. Since the integrand is an odd func-
tion, Iy = 0 ¥Ym. This is also true when o(f) = cos f/(1 + ecos f)™. However, when
o(f) =sin f/(1 + ecos f)™, the integrand has some components that are even functions. In

particular, it is easy to show using Eq. (B6), that:

L[ en (34 n)
o /. (f —1)sin fdl 2 @) (B7a)
1 [ (f=Dsinfdl ¢
o =—( B7b
27T/0 (14 ecos f) 477( +3n) (B7b)
Appendix C: Matrices Py and P
The components of Py and P ; are as follows:
-
FPoyy = T (Cla)
@
Forz = % (C1b)
Foiz =0 (Clc)
QiGesin® (147 — q%) cosf
Py == — — Cld
) at+a) (C1d)
Q12 cosO (1417 — §?)sinf
Pois = — —~ Cle
M () (1 +17) (Cle)
Fog =0 (C1f)
Foyn =0 (C2a)
Q
Porn = 2 (C2b)
Fogs =0 (C2c¢)
R0 o @ +sind
Pyoy = 0+ —— 2d
024 0+ 77 + sinf + = (C2d)
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P _ — C2
T+ )n a (C2e)
U
Pyog = —cosi (C2f)
a
P031 - 0 (033)
Pozp =0 (C3b)
T s
P033 = g sin (C3C)
Pysy =0 (C3d)
Fozs =0 (C3e)
~2
Poss = — L cosd sini (C3f)
a
P =4 (Cia)
a’
Pogp = _%(O‘ - 1) (C4b)
Poyz =0 (C4c)
~2
a _ _ N\ -
Poyy = 71+ 1) [QQ(CY — 1)+ (1 +7n) smﬂ (C4d)
~2
a - _
P045 = —m [(]Qﬁ + (1 + 77) COSﬂ (046)
FPoge =0 (C4f)
3o
P, = —— Cbha
o = (o)
_2 -
a
Posa = =27 (Csh)
Pysz =0 (Chce)
3G 2 - f @ 9 - oA
Pysy = ﬁ3a+ cos 0 7 [77(1+77)a +(a+1) sinf + ¢ (Chd)
3q—2 _ B le _9 _ = _
Poss = e a+ —sinf + e {77(1 +ﬁ)a +(@+1) cost+ q (Che)
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P056 - % COSE (C5f)

Fogr =0 (C6a)
Fogz =0 (C6b)
1
Pogs = n(Ql + cos ) (C6ce)
Fos =0 (C6d)
Fogs =0 (Cée)
1
Poes = (G2 +sinf) sini (C6f)
]
3_ (142 B
Py = —177(1 —3cos?i) — %El " 777)7) (@2 — @2) sin®i (CTa)
P =0 (CTh)
9 142 o
Priz = 27751112 cosi + %21177372) (1% — G2%) sini cosi (C7c)
05
Py = 41171(1—3COS 7)
7 sin®7 [ A 32 -
q@sin®i |1 +304+30"_ 5 1 9 3
- —gl+2 - C7d
a2 | (ag & Utztn—m) (C7d)
9¢
Pjyis = 4(22(1—3cos.2 7)
23 54 2m2 -
Gsin®i [1+37+372 5, 1 4
G+ar | avn @ Ut =m) (CTe)
P =0 (CTt)
97 — -2
Py = 7G2S’ (C8a)
s 7 - (1+27) -
P =5 8-7) (1= Scos - i Csb
J22 8( 7°) ( cos” 1) — 10102 (Ch 3?) sin?i (C8b)
4192 B o I
Pjrys = ————— [3(1 +27) + 27*(1 — s
723 (1+7)2 [3( i) +27°(1 — 77)] sini cost (C8c)
BB g s4r o 512 4 1157 — 670 sin? i
P, = b I PSP
20 = Gy gy 18 54T+ BU - L = 6 s
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3@ 2= N1 —1)g
- 9 2 - C8d
4(1+v7)( 2 o8t = S (C8d)
727
QQQ1 . 2=
Pjros = —————(1 4 1 117° —
95 4(1+n)n<8+5 N+ 517° + 117° — 67*) sin?4
¢ o 2= (9+5-20")a
+ 9+ 47 + = Cs
37 (3 467+ 7n* — 47°)
Pjog = 1 “2(1 — 3cos®i)cosi + ST+ 7) (i — @3)sin®i cosi  (C8f)
Py = T a +77) sini cosi (C9a)
9q - -
Pjgy = % sini cosi (C9b)
Pros = — B [(34 07 4 87) cos’T — 272(1 + 37)] (C9c)
A(L+7%)
—ﬁ [(6 + 97 — 107” — 237> — 1477%) cos® i + (3 + 1507 + 1777 + 57° — 677")]
n
3q2 . - 3q_q_ — — — 3 . -
Py = msmz cosi — leﬁ)(l + 67+ 27° — 7°) — 2—ﬁsmz cos1 (C9d)
3 - - 3% T N
Pray = ———— — ——(1+6n+2n" — ——(2—- C9
735 27—)(717+77) sini cost 2772(1+77)( n+2n° —1n°) 2( n°)sint cosi (CYe)
Pyss = % [3(1 4 27) + 2n*(2 + n)] (1 — 3cos®1) sini
ﬁ _ _ _ _ . - -
+ E §2(3 + 97 4+ 87°) (¢ — ¢5) sin? 7 cosi
R 2(3+1) 37
+ 1427 Cof
HUanpe | (Leg - (F20 =) st (cof)
Pryy = Prag = Pjy3 = Pjys = Pjys = Prys =0 (ClO)
37
Prs; = _I<4 )
_[3n(1+27) 37 RPN
— 134+ 10n -5 C11
e T L) R
Pjs =0 (C11b)
. _ 3 L
Pjs3 = —37(2 4 77) sini cosi — 1(3 — %) sini cosi (Cllc)
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q_l — —2 2~
Pijgyy=——F——12+ 1+ 7"")(1 =3 Cl1d
150 =~ g (24 1704 1) (1 = 3cost (1)
q_2 — —2 2~
P - 124+ 1+ 7T7")(1 =3 C11
J55 477(1 _|_7—7)( n n )( COS 2) ( e)
PJ56 - O (Cl]_f)
9¢q - -
Py = % sint cost (C12a)
PJGZ = 0 (C12b)
9 2%
Pjes = ?(3 — Tcos 1) (C12c¢)
9% . - -
Py = ——L sini cosi (C12d)
Ui
97710 _ _
Pres = — q;ch sin cost (C12e)
n
9G L
Pres = %(1 —5cos?i)sini (C12f)
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List of Figure Captions

Figure 1: Osculating, Mean and Average Error: Radial
a): Position
b): Velocity

Figure 2: Osculating, Mean and Average Error: Along-Track
a): Position
b): Velocity

Figure 3: Osculating, Mean and Average Error: Out-of-Plane
a): Position
b): Velocity

Figure 4: Control Effort for Formation-Keeping
Figure 5: Error in Relative Position

Figure 6: Cost for Formation-Keeping
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